(A bit of) Science, (some) theory,
and (mostly) practice

JOINT INSTITUTE FOR VLBI IN EUROPE

Grateful to previous lecturers at ERIS and NRAQO Interferometry Workshops
(L. Matfthews, Y. Philstrom, H. Van Langevelde, R. Beswick, A. Richards)



Why doing spectral line interferometry<e
» Science driven: science depends on frequency

» Spectroscopy: Emission and absorption lines, atomic and
molecular lines, thermal and maser lines

Planning and observing a line experiment
» Science goals, lines, observational setup, instruments
» Scheduling blocks (target, calibrators, etc.)

Data Calibration, Visualization, and Analysis

» Differences with continuum calibration: RFl, Bandpass,
Doppler correction, Continuum subtraction, etc.

> Analysis & Visualization: spectral profiles, channel & moment
maps, pv-diagrams, etc.
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Atoms and Molecules
% Atomic interstellar medium
— Widespread and diffuse, dominated by HI, atomic hydrogen
— Uniquely observable by 21cm hyperfine transition
— Some places (e.g. HIl regions): recombination lines
H186x — H50x (radio), H42o — H22a (mm)

% Molecular Clouds: H,
— Similar total mass as HI, but more condensed
— Dense and cold gas heated and shocked by young stars
— Dominated by H,, but no dipole, largely undetectable

“ Molecular Clouds: Other molecules (other than H,)

— Several simple linear molecules have large dipole moments, typically
leading to simple ladders at 40 - 100 GHz (CO, SiO, HCO*, CS, HCN)

— Non-symmetric molecules have more complex rotational spectra, with 2
or 3 quantum numbers/levels (H,O, H,CO, CH;OH, SO,)

— A special case is provided by NH;: inversion doublets from oscillations of
the N nucleus through the plane of the three H nuclei (22-36 GHz or 1cm)



..... Which implies lots of extra information:
— Velocity information (kinematics and dynamics!)
— Column density (amount of gas!)
— Excitation conditions (temperature and density)
— Chemical history (gas composition)
— And magnetic fields, distances, efc.

..... Result is not a map, but a cube { o R
W R e S e 6
— 3axes: a,0,V orv 0% SRR
\ﬁ:; ‘.’/I‘t‘ ", a." ;

— Large data sets: 40962 pixels x 4000 channels = 250 Gb! ==

— Visudlization: channel and moment maps, movies, 3D
rendering, ad hoc visualization softwares...

— Analysis: model for structure & kinematics, excitation
(collisions vs radiation, masers), etc.

More Physics and more Science!




Lots of spectral lines available, covering a wide range of science.
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.  Thermal Emission Lines
— e.g. Hl, CO, SiO, NH;, CH,CN, efc.

« Low T often implies lower resolution required to map extended
emission (e.g. Hl or CO) but depends on line excitation (e.g.
CH;CN) — see next slide

II.  Absorption Lines
— e.9. HI, OH, NH,, efc.
« Requires a background source

« High Tz of the background source implies can be observed at
high resolution (e.g. EVN, ALMA, MERLIN, JVLA, etc.)

ll.  Maser Lines (stimulated emission)
— e.g. OH, CH;0H, H,0, SIiO, efc.

« Stimulated emission requires specific (often extreme) physical
conditions

« Can be very high T;, which implies can be observed at highest
angular resolution with VLBI (e.g., EVN)



Angular resolution achievable with interferometers

e HI emission; ~>5"
- JVLA, WSRT, etc.

« mm molecular lines (CO, SiO, HNC, CH,CN, etc.): ~>0.1-1"
— IRAM, CARMA, SMA, ATCA,e-MERLIN etc.
— But ALMA is gonna give 0.01" at 600 GHz or 0.5 mm

« Via Absorpftion (HI, OH, NH, etc) :
~1"-0.001"
— WSRT, ATCA, JVLA, e-MERLIN, VLBI, ef¢®

* Masers (e.g. OH, H,O, CH,OH, SIiO):
~1"-0.001"
— VLBI, JVLA, e-MERLIN, etc.

IS

IRAM-PdBI
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* Assess your Science Goals
- Science justification in the Proposal
(Tutorials Té on Thursday and T9 on Friday)

« Lines to be observed
— Molecular fracer(s) and transition(s)

— Choose the correct observing frequency
(Doppler Shift)

* |Insfruments
— Which observe the correct frequencye
— Resolution requirementse
— Sensitivity requirementse



| want to probe hot gas accreting close to a
massive protostar (e.g., NGC7538, D~2kpc)

Since the protostar is surrounded by a thick
envelope/disk, | need an optically thin
tracer to get as close as possible to the star

NH, inversion lines are an excellent
temperature probe and the dusty envelope
is thin at cm-A:

=> NH; is gonna be my fracer!



Q1. Which frequenciese

We want to probe hot gas very close to the protostar,

need optically thin lines with high-excitation.
Table 1: List of NH3 pretastable inversion transitions

(JK) Rest /[E®\ Lab Sky
Freq. Intensity!” Intensity'®

(MHz) | (K) | (em™1) Jy

ORTHO (7.7) 95715.18 | 530 | 2.7 x 103
(88)  26518.91| 687 | 2.0 x 10~* 0.39
(10,10) 28604.74 | 1037 | 9.0 x 10-5 0.56
(11,11) 29914.49 | 1238 | 5.5 x 105 0.37
(13,13) 33156.85| 1693 | 1.7 x 10~* 0.085

PARA (6.6) 925056.03 | 408 | 6.9 x 10~*
(9,9)  27477.94 \853 | 2.8 x 10~* 0.69
(12,12) 31424.94 \45]/ 6.2 x 10~° 0.26

A4

NORYYS

—

E, from 500 K up to 1500 K is the best tool to unveil heating sources

Q2. Emission or absorptione
« Emission expected to be very weak
« Is there a strong background continuumy?

- is there absorption detected from single-dishe ./

011
/ NGC 7538
Effelsber
1
L0 60 80



Q3. What angular resolution do we neede
* Need sub-arcsec resolution (<2000 AU)

— VLBIe these arrays do not have brightness temperature
sensifivity to detect NH,

— So let's observe with a connected-element interferometer

QJS. Buf which interferometer can fune these frequenciese

Table 1: List of NHa metastable inversion transitions

(1K) Rest\, E.¥ Lab Sky
Freq. Intensity®  Intensity!c)
(MHz) \K) (ecm™) Jy
ORTHO (7,7) 25715.18 539 2.7 x 107
(8.8) 26518.91 637 2.0 x 10~* 0.39
(10,f0) 28604.74 1037 9.0 x 10~° 0.56
(11,11) 2991449 1938 55x10~° 0.37
(13,13) 33156.85 1593 1.7 x 10°° 0.085
PARA (6.,6) 25056.03 408 6.9 x 10~*
(9.9) 27477.94 /853 2.8 x 107! 0.69
(12,12)\, 31424.94/ 1457 6.2 x 10~° 0.26

The JVLA with the new K and Ka-band receivers can tune all
these transitions and easily achieve the required angular
resolution (in B-conf, 3~0.2") and sensitivity for a 100 mJy line

So let’s observe NH; in absorptfion with the JVLA B-Array



JVLA Spectral Line Capabilities:
e 2-4 basebands (2-8 GHz tot max) ey / R

o berbasebacl) every 128 MHz be observed at any time)

* 16 (8 dual) tunable subbands per / M/
baseband with between 0.03125 m T Hm

- 1 2 8 M H Z baseband (8bit: 2 baseband pairs with 1GHz width

 Up to 2000 channels per subband —
(up to 16,384 per baseband) aseban

» Dual Polarization

|Sub-band BW (MHz) |Number of channels/poln product |Channel width (kHz) |Channel width (km/s at 1 GHz) ITotaI velocity coverage (km/s at 1 GHz)

|128 128 |1000 [300//(GHz) [38,400/v(GHz)
64 |18 500 [150 19,200
|32 }1 R [250 [75 19,600
16 1 125 75 4,800
{8 |12 iez.s Eg }2,400
& |12 [31.25 0.4 |1,200
2 |12 |15.625 4.7 l600

k |12 7.813 2.3 1300
e |128 [3.008 1.2 |150
0.25 |128 |1.953 lo.59 s
0.125 |128 l0.e77 lo.29 [37.5
|0.0625 128 |0.488 fo.15 |18.75

|o.031 25 |128 |o.244 |o.073 |9. 375




Q6. Which Bandwidth/spectral resolution do we neede

« Need to fully cover line and provide additional R
non-line channels for continuum (Bbit 8 per baseband,

3bit: 16 per baseband )
— Thelineis 5-10 km/s so one SB with 30 km/s is enough,
but we have also HP components (at 30 km/s), so
we need 3 SBs. The remaining 5 SBs for continuum

narrow subband
“suckouts” (total of 64 subbands can
every 128 MHz be observed at any time)

v/
: : A
+ Need enough channels (i.e. spectral resolution) 1O e e 2 basebans pais i 16z wisn

each; 3bit: 4 baseband pairs with iz widin eac! )

sample the line Continuum Line Continuum

— 0.3 km/s well enough to sample the line (<10 km/s) 2 basebands x 8 subbands x 4 MH
asepbanas X o Su andas X Z

* Need enough sensitivity per channel (*not* for the
WhO|e bondW|dTh) WIDAR correlator baseband with subbands &

— 5 mJyrms enables snr=10 for a 50 mJy line
= Dual Polarization

|Sub-band BW (MHz) |Number of channels/poln product |Channel width (kHz) IChannel width (km/s at 1 GHz) rfotal velocity coverage (km/s at 1 GHz)

|128 |128 |1000 [300/(GHz) [38,400/v(GHz)

b4 |128 500 |150 [19,200

|32 [128 [250 [75 19,600

G [128 125 375 14,800

3 [128 [62.5 [19 2,400

la [128 [31.25 pa /OU=0.5 Km/S [1200 /30= 40 km/s_|

So let’s observe NH3 inversion lines paired in 2 —
basebands with 8 subbands of 4 MHz each and 128
channels, and 31 KHz channel resolution —




Preparing Scheduling Blocks

“ Check observing frequency/velocity for the
target (Doppler/Redshift)

“* Make sure you ask for enough time to reach
the required sensitivity/uv-coverage on target

(1.5h on-source, rms~2 mJy, frack-sharing)

“* Include scans on calibrators
& Possibly multiple scans through the run
& Flux calibrators

®Phase calibrators: need to be nearby (a few
degrees) from target

®Bandpass (BP) calibrator

— see Part lll on how to choose a good BP calibrator
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Data calibration & analysis




» Spectral line observations use several channels of
width év, over a fotal bandwidfh Av

=> much like continuum but with more channels!

% Data calibration is not fundamentally different from
continuum observations, but a few additional
elements must be considered:

)
b)
C)
d)
e)
f)

e)

Presence of RFl (data editing as a function of v)
Bandpass calibration

Doppler corrections

Contfinuum subftraction

Self-calibration of line (or continuum)

Imaging of a data cube

Visualisation & analysis of cubes



« Start with identifying problems affecting all channels
(e.g., malfunctioning electronics or mechanical probls
with a particular antenna), by using a frequency-
averaged data set (the 'Channel 0' in the old VLA).

— Has better SNR.
— Apply flags to all spectral channels.

 Then check the line data for narrow-band RFI that may
not show up in averaged data.

— Identity features by using cross-power spectra e.g.,
use POSSM in AIPS, PLOTMS in CASA.

— Flag based on the feature (limited in time, to specific
telescope or baseline?)

e.g., use SPFLG or TVFLG in AIPS, FLAGDATA in CASA.



Flagging RFI: Primarily a low frequency problem

Produce scalar-averaged cross-power spectra of calibration

(I.e. continuum) sources to spot harrowband RFI.
RFI at the EVN L-Band

RFl af the JVLA L-Band Plot file version 1 _created 18-AUG-2009 11:32:00
g‘r:':yg:L:J%%%‘sﬁ%?;?:lﬁﬁk::oz1::1:;:0'\a lied and no bandpass applied 3C286 EWO013.UVDATA.1
Tolead | T T T & " 200 Freq = 1.6112 GHz, Bw = 2.000 MH No calibration
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10001050110;)115;)1201012501301013510140:(:)42310'\:"512015501600 1650 1700 1750 1800 1850 1900 1950 2000 ’"'F‘ﬁﬁﬁ‘) [ B \\t

Lower frame: Log10(Amp) Jy 0
Scalar averaged cross-power spectrum Baseline: ea04 (03) - ea08 (05)
Timerange: 00/00:30:00 to 00/00:31:00

Avoid known RFl if possible, e.g.
by constraining your bandwidth

(Use RFI plots posted online)
Plots made with AIPS task POSSM.

By inspecting different baselines,
you can identify individual
channels affected by RFI to flag



Once identified the RFl in our passband, we can sfudy
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Scalar averaged cross-power spectrum Several baselines displayed

Timerange: 00/11:05:10 to 00/11:16:59

Example: SIO maser spectra on different VLBA baselines



Definition

The general goal of calibration is to find the relationship
between the observed visibilities, V.., and the frue visibilities, V :

Vij(t.v) s = Vi j(t.v)Gij(t)Bij(t,v)

where tis time, v is frequency, (i,J) refers to a pair of antennas
(i.e., one baseline), G is the complex "confinuum” gain, and B is
the complex frequency-dependent gain (the "bandpass’).

Bandpass calibration is the process of deriving the frequency-
dependent part of the gains, Bi(t,v)

Bi | may be constant over the length of an observation, or it may
have a slow time dependence (much slower than atmospheric
gain or phase terms)



Definition
The bandpass is the spectral frequency response of an

antenna to a spectrally flat source of unit amplitude
Phase slope of a few degrees

20 ;

108 : ocm:gss bond f?@Qn delay EIrQrs,
Phase O HHHH e e e e e O=_ HHHWWHWH —

~10F - 0

AE———ldeal" Bandpass— — aE | “Reaf' Bandpass =

1.2; —E 1.2:— .
Amp 1.03 1.0F

0.8f = 0.8

0.6F E 06

o4 E o \Learly flat over inner

e T ool \¢75%of band

0 20 40 60 80 100 0 20 40 60 0 100

» Shape due primarily to electronics/ Edge roll-off caused by

transmission systems of individual antenna  shape of baseband filters
» Different for each antenna

Bandpass calibration attempts to correct for the
deviations of the observed bandpass from the ideal one



Why is It Important?e

« The quality of the bandpass calibration is a key limiting factor
in the ability to detect and analyze spectral features

» v-dependent amplitude errors limit ability to detect/measure
weak emission/absorption lines superposed on the continuum

» v-dependent amplitude errors may mimic changes in line
stfructure

» v-dependent phase errors may lead to spurious positional offsets
between spectral features as a function of frequency, imitating
doppler motions.

« For continuum experiments conducted in spectral line mode,
dynamic range of final images is limited by bandpass quality



How BP calibration is performed?

Bandpass calibration is typically performed using
observations of a strong continuum source (at least
once in the experiment).

The most commonly used method is analogous to
channel by channel self-calibration (AIPS task BPASS)

» The calibrator data is divided by a source model or
confinuum (Channel 0), which removes any source structure
effects and any uncalibrated continuum gain changes

» Most frequency dependence is antenna based, and the
antfenna-based gains are solved for as free parameters.

What is a good choice of a BP calibratore



How to select a BP calibratore

x Too noisy
IF 1(RR)

Select a confinuum source with:
— High SNR in each channel
— Intrinsically flat spectrum
— No spectral features

— a point source (not required
but helpful since the SNR will
be the same in the BP
solutions for all baselines)
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How long to observe a BP calibratore

* Applying the BP calibration means that every complex
visibility spectrum will be divided by a complex
bandpass, so noise from the bandpass will degrade all
data.

 Need to spend enough time on the BP calibrator so
fhat SNRgpcq > SNRgrget- A gOOd rule of thumb is to use

SN RBPCOl > 2xSN R’rCJrge’r

which then results in an integration fime:

TBPcoI = 4x($’rorge’r /SBPCO|)2 7L’rc::rge’r
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Assessing quality of BP calibration

Example of good-quality bandpass solutions for a JVLA antenna
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JVLA (25 GHz) |
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Channel

Plots made with CASA task PLOTCAL

Solutions should look
comparable for all antennas.

Mean amplitude ~1 and .
phase~0 across useable portion
of the band.

No sharp variations in amplitude
or phase; variations are not
dominated by noise.

Flat phase across the band
(Phase slope across the band
would indicate residual delay
errors).



Poor-quality bandpass solutions for 4 VLBA antennas
«  Amplitude has different normalization for different antennas
« Noise levels are high, and are different for different antennas
Freq =43.1100 GHz, Bw = 16.000 MH Bandpass table#2
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Bandpass quality: apply to a conhnuumsource

« Before accepting the BP
solutions, apply to a
continuum source and use
cross-correlation spectra fo S "‘“(”"”‘
check: : lll| di '“*”'w\y My il ‘h ot b A W

\\“ﬂh'l'” o "I" |'|H|J' lf\fuﬂf‘ L‘ lwl‘

— That phases are flat
across the band

— That amplitudes are
constant (for continuum
sources)

— That the noise is not
increased by applying
the BP

' 'U‘*" ) \”“}‘ i\ W w ImluI M, b 'f|~' I 1" f ﬂﬂv Il '\" U w\al "\ i wrmI |

’\p

— Absolute flux level is not :
biased high or low PERRTCEY

0 100 200 300 400
Channels
Vector averaged cross-power spectrum Several baselines'averaged




Line observing frequency: Rest Frames

« The redshifted/blueshifted velocity of a source is a crucial number
as this sets the sky frequency at which a line is observed.

Source velocities need to be corrected relative to a rest frame:

Correct for Amplitude Rest frame
Nothing 0 km/s Topocentric
Earth rotation < 0.5 km/s Geocentric
Earth around Sun <30 km/s Heliocentric
Sun peculiar motion <20 km/s Local Standard of Rest
Galactic rotation < 300 km/s Galactocentric

Conventions:
Radio-LSR V. adio/C = (ViestVobs) /Viest - Mainly Galactic work

Opfical-heliocentric V o1/C = (Viesi-Vops) /Vops = CZ - Exfragalactic work
(approximations fo relativistic formulas, differences become large as redshiff increases)




Line observing frequency: Doppler fracking

% Observing from the surface of the Earth, our velocity with respect

to astronomical sources is not constant in fime or direction.
% Doppler tracking can be applied in real time to track a spectral
line in a given reference frame, and for a given velocity definition

(e.g., radio vs. optical)

% Correcting these motions done in array model



Doppler Setting and fixed frequency
Note that the BP shape is really a function of frequency, not velocity!

— Applying Doppler tracking will introduce a time-dependent and
position dependent frequency shift.

 VLBIis done with fixed frequency

The current interferometers (JVLA, SMA, ALMA, etc.) have wider

bandwidths, so online Doppler setfing is done but not tracking
(this would be correct only for a single frequency|

Amp Amp
A AIPS/CASA
\ —
l CVEL/CLEAN
I

| [

> |

A 4

Channel Channel

Doppler tfracking must be done in post-processing (AIPS/CASA: CVEL/CLEAN)
=>Want well resolved lines (>4 channels across line) for good correction



« Specitral-line data often contain continuum sources
(either from the target or from nearby sources in the
field of view) as well as line data.

— Nofte this continuum also contains valuable science!

« This continuum emission should be subtracted in your
spectral-line do’ro set before deconvolution

— Lin hould be cleaned separately.

Spectral line cube with two
continuum sources (no change
in structure with frequency) and
one spectral line source (near
the field center).

Roelfsema 1989

[ (RA) =



Basic concept

After

Before

W\_/\,\r _ =
»

 Use channels with no line features to model the
continuum

 Subtract this continuum model from all channels

* The process of continuum subtraction is iferative



Two Methods

1. Inthe uv-plane

Subtract continuum - clean line & cont
separately

e Use AIPS task such as UVLIN, UVLSF, UVSUB
e Use CASA tasks such as UVCONTSUB

2. Inthe image-plane

FT data = subtract continuum from ‘dirty’ cube
- clean both cont. & line

e Use AIPS task such as IMLIN
e Use CASA tasks such as IMCONTSUB

No one single subtraction method is
appropriate for all experiments!



Method 1: In the uv-plane
* A low order polynomial is fit to a group of line™ .
free channels in each visibility spectrum, the

polynomial is then subtracted from whole spectrum

.
ce,
®e
®e

e Pros:
— Fast, easy, robust
— Corrects for spectral index slopes across spectrum
— Can do flagging automatically
— Can produce a continuum data set

« Cons:

— Channels used in fitting must be line free (a visibility
contains emission from all spatial scales)

— Only works well over small field of view 0 << 0, v / Av,;




Method 2: In the image-plane

* Fit and subtract a low order polynomial fit to the line free
part of the spectrum measured at each pixel in cube.

* Pros:
— Fast, easy, robust to spectral index variations

— Befter at removing confinuum sources far away from
phase center

— Can be used with few line free channels.

« Cons:
— Can't flag data since it works in the image plane.

— Line and confinuum must be simultaneously
deconvolved.




d) Continuum subtraction

Results e
ez Line + Cont
e R e e
v
2\0
N Line (cont subtracted)

I A S A

\ [/
17

90 km/s ..=60 km/s © 30km/s
Spectrum should have same shape,

different scale after continuum subtraction.

0.3.L




Same as continuum, but two cases:

a) Strong line emission (i.e. maser)
» Choose a strong channel with “simple” structure
» Self-cal that channel & apply solutions to all other channels

» Allows imaging of weak continuum (& channels) with >snr

b) Weak line and strong continuum emission
> Apply solutions from the continuum to individual channels

> Allows imaging of weak lines with >snr



 What you learned about imaging for confinuum mostly
applies to line data as well (cleaning, weighting, etc.)

« But keep in mind that deconvolution of spectral line
data often poses special challenges:

e Cleaning many channels is computationally expensive
e Emission disfribufion changes from channel to channel
e Emission structure changes from channel to channel

e One is often interested in both high sensitivity (to detect

faint emission) and high spatial/spectral resolution (to study
kinematics): robust weighting with -1<R<1 good compromise



% After mapping all channels in the data set, we have a
spectral line 3D data cube (RA, Dec, Velocity).

% To visuadlize the information we usually make 1-D or 2-D
projections providing different analysis methods:

— Line profiles (1-D slices along velocity axis)
— Channel maps (2-D slices along velocity axis)
— Movies (2-D slices along velocity axis)
— Moment maps (infegration along the vel. axis)

— Position-vel. plots  (slices along spatial dimension)
Tuforial T8 on Friday!



Example: line profiles

Line profiles may show changes in line shape, width and
depth in different portions of your source.

0.25

NH; (7,7) imaged with the JVLA in W51*

0.15

Maser ennissian
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Contour maps (chomnel by channel)

Channel maps
show how the
yelelile]
distribution of
the line
emission
changes with
frequency/
velocity

This cube shows SiO
(J=5-4) line (217 GHz)
emission imaged
with ALMA in @
massive protostellar
outflow in Orion.
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Cube produced in CASA.
Movie created with DS9

"Movie" showing a consecutive series of channel images from the same data
cube as previous slide (168 channels, 0.7 km/s velocity resolution).



Moment analysis

You might want to derive parameters such as integrated line
intensity, centroid velocity and line widths as functions of positions

N Total intensity
Av Z S, (a, 8, v;) (Moment 0)

=1

Intensity-weighted velocity
(Moment 1)

Intensity-weighted velocity
dispersion
(Moment 2)




JAAN eSingien

Moments Maps

ALMA Cycle 0 CSV CO(3-2) moment maps of a proto-planetary disk

(white contours confinuum)
Mops produced with IMMOMENTS 1g CASA

- § 18" r g 1l
17 g 17t g 7 |
e 11 .l!“ﬂ,.lml".i l 5!1‘.0 l 5!1‘.7 l 51".5 ' =3 ‘2‘2% "52°.3 51 51%8 8ll‘.7 l 611‘.5 e 4” l"‘gﬁﬂl‘! l 5110 ' Sil‘.? l 5'1'.5 :
J2000 Right Ascension J2000 Right Ascension J2000 Right Ascension
/eroth Moment First Moment Second Moment
Integrated Flux Mean Velocity Velocity Dispersion

Moments are sensitive to noise so clipping is required:
« sum only over the planes of the data cube that contain emission

« Since higher order moments depend on lower ones (so progressively
noisier), set a conservative intensity threshold for 1" and 2" moments



Position-velocity plots
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PV-diagrams show, for
example, the line emission
velocity as a function of
radius. Here along a line
through the disk major axis. 2
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e Colors convey intensity

’W of the emission.

You can produce pV diagrams
directly in CASA using task
IMPYV, or using the task
IMMOMENTS, by collapsing the
RA or DEC axis
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Deglination -



Spectral line iImaging gives you more
InNformation and hence more science

— 3-D (RA, DEC, vel) rather than just 2-D images
— Gas physics!

This comes at a price, in tferms of complexity
of data reduction and analysis

Enjoy tutorial T3 this afternoon!



