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Notation: signals and random variables

e signal: s(t) or s, parameter t often omitted

e random variable: z(t) or x, parameter t often omitted

e probability density function: P(z)

| (e=E{a}®

o 20
\2m €

e.g. white Gaussian noise (WGN): P(z) =
e expected value: E{z(t)} = [ x(t)P(x)dt
e correlation: R,, = E{z(t)y(t)}
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Notation: scalars, vectors and matrices

e scalar, lower case or upper case, not bold: y or Y

X1
e vector, bold lower case: x =
Lp
Ryq Ry,
e maitrix, bold upper case: R = :
Rpal Rp,p

e estimated value: g
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Notation: operators

e complex conjugate: y = Re{y} — Im{y}
e tfranspose: x* = (zy, -+ ,x,)
e Hermitian or complex conjugate transpose: RY = R

e conversion from vector d (or row) to diagonal matrix:
diag(d) = D
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Spatial coherency and interferometry

L) o BOrH

celestial sphere

E(r,t) E (rj,t)

dQ=dS/r | 2 4o
| aperture plane

s=r/|r|
S S

Spatial coherence function: V (r;,r;) = E{F(r;,t)E(r;,1)}.
Denote the intensity sky source distribution (continuous) by
., then:

celestial
sphere
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Imaging

Fourier tz
I(1,m) b transform t
o \ / 1

| u
o R (1) \to
o ij
4 R (t)
148k
[ R (L)
sky image plane aperture plane R, 2(tk)

Van Cittert-Zernike theorem: the brightness distribution I,(s)
and the complex visibility function V (r;,r;) form a
two-dimensional Fourier-transform pair:

2—DFT
—

Ib(S)
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Obtaining data

radio telescopes
local
oscillator R
%Vo Vp(t)
X W S S
X (t : :
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2(t) o |
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[~ |
¢ ‘ FT
X A A imaging:
v,(H) fourier
filter signal digitisation ~ transform
and or beam
voltages . formi
correlation orming

Recall: V(r,r;) = [Ig(s)e 2mve s mimri)qQ)

celestial
sphere

sky
map

The covariance matrix R is a measure of the visibllity,

including (a.o.) antenna gains A (s) and electronic gains G:

R(r;,r;) = G; G, /A

celestial
sphere

)]c ( ) —27le/c_1stb,-j dQ
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LOFAR ITS, configuration & beam shape
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ITS, snapshot uv configuration
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PSF, or beam shape
zenith position.
Imaging by beam
forming or FT

P = &{|wix|]} =
w/Rw
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LOFAR ITS, coherencies and sky maps

LOFAR ITS, f=26.89 MHz, 26 Feb. 2004, 3:50 MET

1

ITS, observed coherencies, 10Iog|Ri.| 0.8
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» ITS, observed coherencies, arg(Rij) LOFAR ITS test Station, ob-

150 ' | served coherencies (left) and

100 .

5 corresponding sky map (upper
€ ' I
R figure). Sky maps are obtained

100 by inverse FT or by beamforming

s _ (as in this case: MVDR beam-

-200 -100 0 100 200 argR)

v (m) e former).
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LOFAR, beamforming and correlation

antennas

LNA
ADC

filter
Af~200 kHz

beamformer

LOFAR: £,

N stations

. ‘?’E:If bandwidth
multiple beams T : 8x4MHz

..........................

central correlator

~10-250 MHz

FHEHHE

'Cj_—,

filter

delay

Broadband vs narrowband processing.
In LOFAR both types, broadband mainly in analog domain.
Tradeoffs: cost, flexibility, narrowband limits (e.g. beam

squint).

antenna beam

synthesized beam
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Narrow band assumptions

If for a band-limited signal y(t),
Av L v,

then y(t) = m(t)e*™"<, where m(t) is the complex envelope
(baseband signal) of the real-valued band-pass signal

z(t) = Re{y(1)}.

Second narrow band condition: propagation delay
differences, 7;,; = , — 7;, along elements | and | of the
antenna/telescope array are < inverse bandwidth.

Av < (277'7'1'3')_1

Then it can be shown that time delays across array can be
approximated by phase shifts of the baseband signal.
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Narrow band assumptions

Recall z(t) = Re{m(t)e*™"<}, then

2(t — 7) = Re{m(t — 7)e 2meT g2mIvel}

which implies m.,(t) = m(t — 7)e=2™"T,
Define m(t) T M(v), and let Av be the bandwidth of m(¢):

%AI/
m(t) = M(v)e*™ dy
—%AI/
LAY
_ ’ —2mvT  2myvt
m(t —71) = M(v)e e ™ dy

Av

%
If Av < (277;)* then, e *™" ~ 1, and m(t) ~ (t — 7), hence:
m-(t) =~ m(t)e ™"  QED
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Discrete source model

Consider an array of p antennas or telescopes with baselines
b,; = r; —r;. Signals z;(t) are stacked in a vector, the spatially
white noise signals n;(t) (from LNASs, spill-over etc.) idem:
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Discrete source model

Suppose there Is one source, either astronomical or a
transmitter (RFI) with signal s(¢) and from direction s

Then x(t) = as(t) + n(?)

and L
—2my5ris

a:|:fyl€ ,“‘,f}/pe

—27rg%r%si| '
Now define the sample estimate (observational data):
N
~ 1
R = N ; x,x2  with x, = x(nT)

Given i.i.d. noise vector n(t) with £{n(t)n(t)""} = ¢*I (I is the
identity matrix), and £{s(t)*} = o*

S
2 H 2
R =&{R} =c"aa” + o1
W SKADS Marie Curie Workshop - Digital Signal Processing and Beamforming 15
Netherlands Foundation for Research in Astronomy November 29, 2007




Discrete source model

Recall for a single source: R = o%aa’’ + oI, for multiple
sources:

. E : 2 H 2
k

Stacking ¢ sources at directions s; to s, in a matrix A:
A = [al(sl)a T 7aCI(SQ)]

and storing the source powers (brightness) is a diagonal

matrix B

B = diag[o7,- - , 0]

yields for the data model:

R = ABAY + 571
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Discrete source model

Recall the data model:
R = ABAY + 571

Assume:

e there are astronomical sources "s" and interferers "r",

e the noise powers are unequal: £{n(t)n(t)”} =D
(diagonal),

* define a diagonal electronic gain matrix G,
then the discrete data model becomes:
R=G(A,B,A" + A,B.A"G" +D

Note: "whitening" can be done by pre and post multiplying R
with D=2 or R™2 (yields correlation coefficients).
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Subspace analysis

Given ¢ sources, and an array of p antennas, then R can be
decomposed by means of an eigenvalue decomposition such

that R = UAUY, where U = [uy, - - -

,u,|" contains the

eigenvectors u; (U”U =1), and A = diag(\y,--- , ),) contains

the eigenvalues. Also:
R = A,B,A, +01,

= U, A, UY 462 (U,U" + U, UH)

_ A, + afblq
0

[U?“Un]

0

2
OnIp—q

o

,
H

—UAU"Y

The sources are located in the "source subspace" U,,
separated from the "noise subspace" U,,. Note that all

eigenvectors are perpendicular and UYU,, = 0.
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Relation subspace structure and RF
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Relation between multiple transmitters and eigenvalue

distribution of covariance matrix R = ~ SV x,x2. Data (not

normalized/whitened) are obtained from LOFAR ITS test
station. One horizon transmitter (RFI) (left), and three

transmitters (right)).
Note: for astronomical sources similar relation holds.

(1) A.J. Boonstra and S. van der Tol, 2004.
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Detection based on subspace structure

For identical noise powers o2, or for a whitened R matrix (!

2
p
)\max min ~ : == AT

This can be used e.g. as detection threshold for intermittent
RFI, see figure below showing RFI at the WSRT (whitened
normalized dataset).

Eigenstructure, Iridium transmission
12

fc= 907.14 MHz, Af =156 kHz, At=0.2 ms

f An alternative, computa-
o f tionally less expensive, is
to use ||R||% (sum of ab-
solute squares of the ele-
ments)

time (s)

(1) Edelman 1988. (2) Leshem and van der Veen, 2001.
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Lagrange multipiers

Lagrange multipliers: find-
INg extreme of a function
f(x,y) subject to the con-

N %
~ f(x,y):k2 _

straint g(z,y) — ¢ = 0. o

At extremum: gradient V , of f and g aligned (arrows in the
figure), and tangential component V of derivative Is zero:

Vf(z,y) = AV(g(x,y) — c) where X is a scaling constant, the
Lagrange multiplier. Define £ = f(z,y) — AM(g(x,y) — ¢). Then:

0 9, 0
8_:13£_O’ 8_y£_0’ ﬁL—O

The latter equation is true as it reduces to the original
constraint.
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Lagrange multipliers

Generalization to N-dimensional space.

In N-dimensional space, with x = [z, --- , zy]", and with K
constraints we define the Lagrangian L:

'C(Xv Ay 7)‘K) — f(X) + Z)‘kg(x)

where the previous constant ¢ of g(x) is now included in the
definition of g(x). This yields N + K equations and N + K
unknowns:

ViL =0, VyL=0

with A = [Aq, -+, At
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MVDR beamformer

Given p zero-mean antenna element random signals
x(t) = [x1(t) - - 2, (1)]F, with R = E{x(t)x(t)"}. Let

y(t) = wx(t)

be the beamformer output signal with beamformer weights w.
Minimize beamformer signal variance

P = min £{|y|*} = min(w"Rw)

with constraint of unit gain in look-direction s, wa = 1 where

_ —1
a— ¢ 2myRs fc

. - L] H H
Now define the Lagrangian: £ = w”"Rw + A(w"a — 1)
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MVDR beamformer
Recall £ = w?Rw + \(w'a —1)
Using V. (WfRw) = R'w, and V(affw) = a (! yields:
Vol=R'wW+Xa=0

This results in w = —AR™!'a; inserting it in constraint equation

leads to 1
A= afR-la
and to the MVDR/Capon beamformer weights:
R !a
YT afR-1a

A treatise on real vs complex derivative definitions and
relations can be found in (1,

(1) ¢f. Kay 1998, Moon 2000
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Conventional beamformer

Given p zero-mean antenna element random signals
x(t) = [x1(t) - - 2, (1)]F, with R = E{x(t)x(t)"}. Let
y(t) = whx(t)

be the beamformer output signal with beamformer weights w.
Maximize beamformer output power

P = max &{|y|*} = max(w"Rw)

with constraint of unit norm of w. Solving the gradient
equations yields: 3
W p—
valla

The vector w can be interpreted as a spatial filter matched to
the impinging signal.
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Beamformer spatial spectra

Assuming observational data is used, the spatial spectrum is
given by inserting the weight into the beamformer output
power formula:

afRa
Pconv —
(8) = 3,
and
Prasin(s) = ——
mudr\S) = =
’ allR1la

where the steering vector a, as before, is defined by

_ —1
a9 — ¢ 21 RsA

with R = [by, -, b,]t.
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Music beamformer

Recall for the MVDR beamformer: P,,.4,(s) = —=

afR-1la
Recall also the data model:
R = ABA" 4+ 0’1 =U,A, U + 02U, U/

As Ul'afor all ain A, define the ad-hoc "MUSIC" beamformer

spatial spectrum by:

afla

alIl'a

Pmusic (S) —

with TT+ = fJan{j, with fJn the noise subspace. This leads
(as with the MVDR) to an improved sidelobe suppression and
smaller beamwidth as compared to the conventional
beamformer. Drawback: these are data dependent and
computation scales with p?, as compared to p for the
conventional beamformer.
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Conventional vs subspace beamforming

LOFAR skymap, date = 6.2.2004, f = 29.558 MHz, UT =20.55h LOFAR skymap, date = 6.2.2004, f = 29.558 MHz, UT =20.55 h

| power ] | power
dB dB

Conventional beamforming (left) vs MUSIC beamforming (right), using LOFAR ITS data. The
sky map is dominated by a transmitter at the horizon, note the difference in sidelobe level and
the difference in beamwidth. The plusses indicate the location of astronomical 3C sources.
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Conventional vs subspace beamforming
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LOFAR skymap, date = 6.2.2004, f = 31.297 MHz, UT =20.55 h

power
dB

Conventional beamforming (left) vs MUSIC beamforming (right), using LOFAR ITS data. The
sky map is dominated by a transmitter at the horizon, note the difference in sidelobe level and
the difference in beamwidth. The plusses indicate the location of astronomical 3C sources.
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Spatial projection filtering

Define the data model, using a separate covariance matrix for
the astronomical visibilities R, and assuming one RFI

source.
R =R, +c°1+ c%aa”

Projection filtering, define the projection matrix P:
P=1I—-a(a”a)'a”
then Pa = 0. Define the filtered matrix R by
R = PRP, then &{R}=P(R, + 1P

The remaining distortions can be corrected, under certain
stationarity conditionsV.

(1) Boonstra, 2005.
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Spatial projection filtering

Recall the spatial projection filter
P=1I-a(a”a)'a”
This can easily be extended to multiple (q) interferes:
P=1I-A(A”A)'A"

where, as before,
A =Ja,---a]

The filter can be applied to covariance (correlation) data, but
also is a beamformer by multiplying it with the beamformer
weights.
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Spatial subtraction filtering

Recall the data model:
R =R, +c°1+ c%aa”

The subtraction filtered covariance matrix R is given by:

~ AN

R = R — 5%aa”

where 6% and a need to be estimated. Especially estimating
6% is computationally expensive (needs short feedback loops).

Theoretical estimates of effectiveness of spatial filters have
been found!.

(1) Boonstra, 2005.
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Spatial filtering results

ITS, {.= 26,88 MHz

4 08 08 04 02 0 02 04 08 08 A 4 @6 08 04 02 O 02 04 06 08 1
m d8 B

no interference (26.89 MHz) transmitter at horizon (26.75 MHz)

T8, #=26.75 MHz ITS, f= 2675 MHz
%
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0.8
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@ ,,

subtraction filtering (26.75 MHz) projection filtering (26.75 MHz)
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LOFAR ITS spatial filtering results.
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